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Abstract A symbolicmodelcheckingmethodfor parametricperiodictimedautomatais
proposed.Themethodderivessymbolicallytheweakestconditionfor parame-
terssuchthat thespecifiedcontrolstateof a periodictimedautomatonsatisfies
sometemporalproperties.Unlike several existing parametricsymbolicmodel
checkingmethods,the proposedmethodis ‘on-the-fly’ — it doesnot unnec-
essarilycheckall the states. Instead,it traversessomenecessarypart of the
computationtreeto derive theweakestcondition.We show that if we constrain
a timed automatonto be periodic, i.e. if we force a timed automatonto re-
turn to its initial stateperiodicallyat thespecifiedconstanttime, we have only
to traverseat most the first 3 periodsin the infinite computationtree. In the
proposedmethod,we canavoid a costly (andgenerallyundecidable)fixpoint-
calculationfor dense-time-domainstatesets,andderive the weakestcondition
for parametersof a timedautomatonto satisfygiventemporalpropertieswritten
in a real-timetemporallogic formula.

Keywords: symbolicmodelchecking,real-timeperiodicsystem,temporallogic
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Model checking[1] have beenrecognizedasoneof very usefulande· ec-

tive methodsfor designingreliablehardwarȩsoftwaresystems.Especially, in
recentyears,real-timesystemshave beendevelopedfor the areasthat high
reliability is required,suchas aircrafţ traiņ car controlling, nuclearreactors,
medicaldevicesandotherreal-timesystemswhich maybeproduceda lot and
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hard to modify in later (e.g. hardware chips or embeddedsystems).Model
checkingtechniquesmaybeveryusefulfor developingsuchreliablereal-time
systemsto ensurethatthesystem’s designwritten in someformalmodelsatis-
fiestherequiredpropertiessuchassafety, liveness,andfairness.

The classicalmodelcheckingmethodis not parametric, that is, to check
whethera behavioral specificationwritten in somestatemodel,satisfiessome
requirementspecification(property)written in temporallogic, all the param-
etersin the specificationmust be fixed to someconcretevalues. In recent
years,several symbolicmodel checkingmethodsare proposed[2, 3, 4, 5].
Symbolicmodelcheckingis a methodto constructa setof states(state-sets)
whichsatisfygiventemporalpropertiesby representinginfinite or finitely huge
state-setssymbolicallyandusinga symboliccalculation. The crucial part of
symboliccalculationis a fixpoint calculation. Therearesomesymbolicrep-
resentationsof state-sets,suchasBDDs[2], which enableus to computefix-
pointse¼ ciently. Although BDDs themselvesareaimedfor compressionof
finitely-hugestatespace,if we adoptsomesymbolic representationssuchas
PresburgerArithmetic[6], we canextendthemethodto possiblyinfinite state
space.Suchanapproachis especiallyusefulfor parametricanalyses, that is,
we canobtain the representationof the setparametervariablesin order that
the behavioral specificationsatisfiesthe requirementspecification,insteadof
repeatedlyguessingconcreteparametervaluesandcheckingsatisfiability.

Morerecently, [3] proposedasemi-decisionprocedureto deriveasymbolic
representationof parametricstatesof a hybrid automaton(an extensionof a
timed automaton)in order to reachsomegiven state-sets.They adoptfirst-
order theorywith additionon real-numbers[6]assymbolic representationof
state-sets.Although the satisfiability of the first-ordertheory with addition
on real-numbersis decidable,fixpoint calculationis very costlyandgenerally
undecidable.[4] proposedsomeapproximationtechniquesto copewith such
undecidabilityof fixpoint calculationsusing Presburger Arithmetic as sym-
bolic representationof state-sets,but thedomainof thevariablesis restricted
to integers.On theotherhand,[5] proposedanalgorithmto obtainthecondi-
tion of parametersin orderthatthegivennon-parametricstatemodelondense
time domainsatisfiesthegivenparametrictemporallogic formula. However,
they only allow to write parametersto temporallogic formulas,not in a timed
automaton.In a realisticsystemdesignprocess,we usuallywant to choose
parametervaluesof models(implementations)ratherthan in temporallogic
(specifications).

Thus,we proposea decisionalgorithmto derive a setof parametersof a
subclassof a timed automatonmodelwhich may containparameters(para-
metric timedautomata[7]) andsatisfiesa formula of a real-timeextensionof
CTL[1]. In our method,parametersareallowed in both a modelanda tem-
poral logic formula. We adoptformulasof first-ordertheorywith additionon



½¿¾fÀ�ÁkÂAÁkÃ>ÄLÅ©ÆIÀdÆÈÇ=¾fÉ^¾fÀËÊ`ÌIÃ7ÍIÁkÉ�Á[ÌIÃNÎÐÏQÌIÀ®ÅU¾fÀ�Á[ÌxÍIÁ[Ñ;ÒRÁkÇ=¾�ÍLÓqÔ?É^ÌÈÇ=ÆÈÉ^Æ Õ
real-numbersassymbolicrepresentationof setsof parametervalues,assimilar
to [3]. In order to reducethe size of the intermediatesymbolic representa-
tion, we decomposethegivenproblemon-the-flyto severalsubproblems,and
recursively solve thesubproblemsto constructtheentireconditionfor param-
eters.Unlike [3], in thisapproach,weneednotencodesymbolicallytheentire
statespace(it tendsto be very long) andonly the necessarypart of the tree
is traversed. Specifically, we computethe weakest condition WPC(sÖ f ) of
parametersin order that states of the given model shouldsatisfy the given
temporalproperty f . First, we defineWPC(sÖ f ) asa recursive functionsuch
as

WPC(sÖ f ) def× F(WPC(s1 Ö f1) ÖIØxØxØ�Ö WPC(sk Ö fk)) Ö
whereF() is a functionalon first-orderformulas,eachsi is either s or some
next stateof s, andeach fi is eithera propersubformulaof f or somederived
formulaof f (not necessarilya subformulaof f ). Basically, we cancompute
theweakestconditionWPC(sÖ f ) if theapplicationof the recursive definition
of WPC(sÖ f ) is ensuredto terminate.However, thatis not thecasein general.
If themodelcontainssomeloops,sucha recursiveapplicationdoesnot termi-
nate.To copewith theproblem,we find somesubclassof thetimedautomata
suchthatweneednot to exploretheinfinite computationtree.Whenthemodel
is a periodic timed automaton,that is, after somefixed time periodit returns
to its initial stateandrepeatsits behavior periodically, we have only to check
somefinite partof theinfinite computationtreeandcanoutputtheresult.

In our method,WPC(sÖ f ) is ensuredto be obtainedafter a fixed stepsof
recursive computations,thuswe canavoid costlyfixpoint calculationsof first
order theory on real-numbers.Moreover, in our on-the-fly approach,inter-
mediateresultsneedto computeWPC(sÖ f ) arekept small comparedto the
state-spaceconstructionapproaches.Using dynamicprogramming,we can
alsoavoid duplicatecomputationof WPC(si Ö fi)’s whenthe pair of si and fi
is the same. Moreover, eachsubconditionWPC(si Ö fi) can be computedin
parallel,so we caneasilyparallelizeour methodusingparallelprocessorsto
improve thee¼ ciency.

The restof this paperis organizedasfollows. In Section2, we introduce
our model,periodictimedautomata.In Section3, we give a definitionof the
logic, real-timeCTL. In Section4,weexplainourmethodto obtainWPC(sÖ f )
in detail.Section6 concludesthispaper.

ÙÛÚ7Ü�Ý°ÞuÚ¬ß2à/á�âYã�ä
Several parametricmodel checkingmethodhave been

proposedfor real-timemodels[7,8, 9] andvalue-passingI̧ O models[10].For
giventwo parametricstatemodels,Refs.[7,8, 10] have proposedthemethods
to derivetheparameterconditionsto makeonemodelacorrectimplementation
of anothermodel.[7] hasadoptedlanguageinclusionasanimplementationre-
lation,while [8, 10] hasadoptedbisimulationequivalence.[8] is anextension
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of [10] to a timedmodel. Theproposedmethodin [9] takesa non-parametric
statemodelon discretetime domainanda temporallogic formulawhich may
have someparametersboundedby quantifiers,andcheckswhetherthemodel
satisfiesthelogic formula. Althoughsomevery interestingpropertiesmaybe
expressedusingparameters,it simply checkswhetheror not thegivenmodel
satisfiesthegivenproperty. In addition,they considerthat the time domainis
integers.
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In this section,we formally defineour model,periodictimedautomata.In

addition to the traditional theory of Timed Automata[11],we introducepa-
rameterson any (discreteor dense)domain.Then,we definea (non-periodic)
parametrictimed automatonmodel. Our definition of timed automatais es-
sentiallythesamebut slightly di · erentfrom theparametrictimedautomatain
[7], sincewegenerallyallow timing constraintsto befirst-orderformulaswith
additiononreal-numbers.

Let Act, Var, Pred(Var) denotethesetof all actions,thesetof all variables,
andthesetof all formulasof first ordertheorywith additionon real-numbers
over Var, respectively. We alsodenotethesetof real-numbersby R andthe
setof non-negative real-numbersby R ñ
Definition 2.1 A parametrictimedautomatonis a tuple ò SÖ CÖ PVarÖ E Ö Inó () Ö
sinit ô , where S is a finite setof control states,C õ Var is a finite setof clocks,
PVar õ Var is a finitesetof parameters, E õ S ö Act ö Pred(Var) ö 2C ö S is
a transitionrelation,Inó () : S ÷ø Pred(Var) is an invariantconditionfor each

state, sinit is theinitial state. Wewrite si
aù Pù rú ø sj if (si Ö aÖ PÖ r Ö sj) û E. ü

Informally, a transitionsi
aù Pù rú ø sj meansthatactiona canbeexecutedfrom si

whenthe valuesof both clocksandparameterssatisfythe formula P (called
a guard condition), andafter executed,the statemovesinto sj andclocksin
thesetr areresetto zero.In any states, valuesof all clocksincreasecontinu-
ouslyat thesamespeed,representingthetimepassage.Notethatthevaluesof
clocks(andparametersif any) canneverviolatetheinvariantconditionInó (s).
Intuitively, Inó (s) representstherangeof values(e.g.minimumandmaximum
values)allowedfor clocks(andparameters).Thus,time passageat stateswill
stopwhenthevalueof someclock will exceedthemaximumvaluespecified
by Inó (s). Whentime passagestops,someexecutableactionis forcedto exe-
cute,representingurgency[12] of theaction.Also, any incomingtransitionof
thestatesý violating Inó (sý ) is notallowed.

Example2.1 Fig. 1 is a simpleexampleof a parametrictimedautomaton.In
Fig. 1, a setof parameters is

�
xÖxþ�Ö z� , a setof clocks is

�
cÖ cý � , the initial state
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s_init

s1

[c<=x]

paramters: x,y,z
clocks:    c,c’

a,[c<=x-2],{}

[true]

b,[c>x-3],{c’}

s2 [c<=x] s3 [true]

d,[c>=y and c’<=z],{}

�.j����Ie^Ti�AZ
Exampleof ParametricTimed(DAG-)Automata

is s, and the transition s[c � x]
aù [c� x� 2]ù �
	ú ø s1[true] meansthat at states, for

a givenvalueof theparameterx, sometime maybeelapsed(i.e. theclock c
increases)while c satisfiesthe invariant [c � x], and whenc � x ú 2 holds,
actiona canbeexecuted,noclocksareresetto zero,andthestatechangesto s1

(theinvariantof s1 is [true], which meansthatanyclock andparametervalues

are allowedat s1). Similarly, the transition s[c � x]
bù [c� x� 3]ù � c�
	ú ø s2[c � x]

meansthat sometime maybe elapsedwhile c satisfiesthe invariant [c � x],
andwhenc  x ú 3 holds,actionb canbeexecuted,clock cý is resetto zero,

andthestatechangesto s2. In thetransitions2[c � x]
dù [c����� c�
� z] ù ��	ú ø s3[true], a

guard conditionfor bothclocksc andcý are specifiedusingparameters þ and
z. ü

Formal semanticsof timed automatais definedasfollows. The valuesof
clocks andparametersaregiven by a function � : (C � PVar) ÷ø R. We
referto sucha functionasa value-assignment. Werepresenta setof all value-
assignmentsby Val. We write ��� × P if a formula P û Pred(Var) is true
undera value-assignment��û Val. The semanticbehavior of a parametric
timed automatonis given asa semantictransitionsystemon concretestates.
A concretestateis representedby (sÖ�� ), wheres is a control stateand � is
a value-assignment.Let CS def× � (sÖ�� ) � s û SÖ���û Val

�
be a setof concrete

states.Thesemantictransitionsystemconsistsof delay-transitionsandaction-
transitions. A delaytransitionrepresentsa time passagewithin thesamecon-
trol states û S, whereasan action transitionrepresentsan executionof an
actionwhichchangesthecontrolstateto thenext onesý . Formally, theseman-
tic transitionsystemis definedasfollows.

Definition 2.2 For anyvalue-assignment� , t û R ñ , andr õ C, let ��� t and
� [r ø 0] bethevalue-assignmentssuch that

( ��� t)(x) def× � (x) � t if x û CÖ
� (x) otherwise.

( � [r ø 0])(x) def× 0 if x û r Ö
� (x) otherwise.
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A semantictransitionsystemfor a parametrictimedautomatonò SÖ CÖ PVarÖ
E Ö Inó () Ö sinit ô is a labelledtransitionsystemon concretestatesCS, where the
transitionrelationis definedby thefollowing rules:

(sÖ�� )
tú ø (sÖ���� t) if t û R ñ and( ��� t) � × Inó (s),

(sÖ�� )
aú ø (sývÖ�� [r ø 0]) if s

aù Pù rú ø sý , ��� × P and � [r ø 0] � × Inó (sý ).
ü

The major di · erenceof periodic timed automatafrom normalparametric
timedautomatais that it checkstheelapsedtime sinceit is started,andif it is
equalto thespecifiedperiodT, thenit resetsto its initial state.Moreover, it is
assumedthatonly finitely boundedactionscanbeperformedbeforereturning
to theinitial state.To ensuretheabove properties,we definea periodictimed
automatonasoneobtainedby addingresettransitionsto a parametrictimed
automatonwith no loops(we refer to sucha parametrictimedautomatonasa
parametrictimedDAG-automaton). Formally it is definedasfollows.

Definition 2.3 A parametrictimedDAG-automatonis a parametrictimedau-
tomatonwhosetransitiongraph hasno directedcycles,(i.e. it is a Directed
AcyclicGraph(DAG)). ü
Theparametrictimedautomatonin Example2.1 is a parametrictimedDAG-
automatonsinceits transitiongraphis a tree(soit is alsoaDAG).

Definition 2.4 A periodictimed automatonis a parametrictimedautomaton
which is obtainedfroma parametrictimedDAG-automatonbyaddingthespe-

cial resettransition(calleda returntransition) s
i ù [cp � T] ù Cú ø sinit for states,where

sinit is theinitial state, C is a setof all clocks,cp û C is a specialclock which
keepstheelapsedtimefromtheinitial statesinit (no other transitioncanreset
this clock), T û R ñ is a period, i û Act is a specialresetaction. ü
Example2.2 Fig. 2 is an exampleof a periodictimedautomaton.Thisexam-
ple is a modifiedversion of Example2.1 where a specialclock cp and some

return transitionssuch as s1
i ù [cp � T] ù � cù c� ù cp	ú ø s are added. Note that we allow

periodic timedautomatato terminateinsteadof returningto the initial state,
such asthestates3 in Fig. 2. ü
 ¨ ! ë$è#"�$u°µ�êìë&%1î('

In this section,we defineRPCTL, a Real-timeand Parametricextension
of ComputationTreeLogic(CTL)[1] includingsomeoperatorsin ACTL[13]1.

1Unlike [1] andmany timedextensionsof CTL suchasTCTL[3], thenext operatorof RPCTLis attributed
byanactionname(similartoHennessy-MilnerLogic[14],orACTL[13]) sothatwecanverify theproperties
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s_init

s1

[c<=x]

paramters: x,y,z
clocks:    c,c’,cp

a,[c<=x-2],{}

[true]

b,[c>x-3],{c’}

s2[c<=x]

i,[cp=T],{c,c’,cp}

i,[cp=T],{c,c’,cp}
s3[true]

d,[c>=y and c’<=z],{}

�Rj ���IevT+*IZ
Exampleof PeriodicTimedAutomata

f :: � true (universallyvalid),
f alse (universallyinvalid),.-

f (negation),
f � f (conjunction),
f / f (disjunction),
f 0 f (implication),.1
a243 p f (existential‘next’ operator),

[a] 3 p f (universal‘next’ operator)

,
f EU 3 p f (existential‘until’ operator),
f AU3 p f (universal‘until’ operator),
EF3 p f (existential‘eventually’ operator),
AF3 p f (universal‘eventually’ operator),
EG3 p f (existential‘always’ operator),
AG3 p f (universal‘always’ operator)

�Rj ���IevTU�xZ
Syntaxof RPCTL

In comparedto TCTL[3], we do not adoptthe freezequantiferasa primitive
operatorof RPCTL.

Definition 3.1 Thesyntaxof RPCTL formulais definedby theBNF in Fig. 3,
where a û Act is an actionname, p is a linear expressionwhich maycontain
parametervariables,and 5$û �76 Ö8��Ö�$Ö89�Ö × � is a comparisonoperator. Wemay
omit ‘ 5 p’ specifier, andin that case‘ 9 0’ is assumed. ü
RPCTL is a logic to specifya temporalpropertyat thestateof of a paramet-
ric timedautomatonfor its succeedingbehavior usingtemporaloperatorwith
timing constraintswhich maycontainparameters.Intuitive meaningof basic
constructsof RPCTL is as follows. ‘ true’ holdsat any concretestate. ‘ : f ’
holdsat a concretestate(sÖ�� ) if andonly if f doesnot hold at (sÖ�� ). ‘ f alse’
neverholdsat any concretestate,which is equivalentto : true. ‘ f1 ; f2’ holds
if andonly if both f1 and f2 hold. ‘ f1 < f2’ and ‘ f1 = f2’ arealsodefined
similarly to classicpropositionallogic. ‘ ò aô � p f ’ holdsat (sÖ�� ) if andonly if
thereexists sometransitionfrom (sÖ�� ) performinga within p units of time,
suchthat f holdsat thenext (control) state.Sincewe candefinesimilarly if

whenwe view the modelasa mealy-machine,or (timed-extensionof) processalgebrawith observation
semantics(i.e. processesareidentifiedby observingactions,not states)suchasCCS,CSPor LOTOS.
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(sù7? )
, � true@

(sù7? )
, � - f def� (sù7? ) A,� f @

(sù7? )
, � f1 � f2

def� (sùB? )
, � f1 and(sùB? )

, � f2 @
(sù7? )

, � 1 a243 p f def�
thereexistssometransitionsequence(sùB? )

t�DC (sùB? ñ t)
a�EC (s� ù7? � )

suchthat t F p and(s� ù7? � ) ,� f @
(sù7? )

, � f1EU 3 p f2
def�

thereexistssometransitionsequence

(sù7? ) � (s1ù7? 1)
t1�EC (s1ùB? 1 ñ t1)

a1�DC�G7GBG tkH 1�EC (skI 1ùB? kI 1 ñ tkI 1)
akH 1�EC (sk ùB? k)

andsomenon-negative real-numbertk ù s.t.(sk ù7? k ñ tk)
,� f2 andt1 ñ G7G7G ñ tk F p

andfor any i(1 � i � k)andfor any t�i (0 � t�i J ti )ù (si ù7? i ñ t�i ) , � f1

(sù7? )
, � f1AU3 p f2

def�
for any transitionsequencesuchthat

(sù7? ) � (s1ù7? 1)
t1�EC (s1ùB? 1 ñ t1)

a1�DC�G7GBG tkH 1�EC (skI 1ùB? kI 1 ñ tkI 1)
akH 1�EC (sk ùB? k)

andfor any nonnegative real-numbertk ù (sk ù7? k ñ tk)
, � f2 andt1 ñ G7G7G ñ tk F p

andfor any i(1 � i � k) andfor any t�i (0 � t�i J ti )ù (si ùK? i ñ t�i ) ,� f1 @

�Rj ���IevTMLYZ
Semanticsof RPCTL

5 is other than � (caseof 9�Ö 6 Ö�$Ö × ), we only mentionthe caseof � in the
following explanation.‘[ a] � p f ’ holdsif andonly if for anytransitionfrom the
stateperforminga within p unitsof time, f holdsat thenext state,which is the
sameas :�ò aô � p : f . ‘ f1EU � p f2’ holdsif andonly if thereexistssometransition
sequencesuchthat f2 eventuallyholdswithin c unitsof timeanduntil then, f1
alwaysholds. ‘ f1AU� p f2’ holdsif andonly if for any transitionsequence,f2
eventuallyholdswithin p units of time anduntil then, f1 alwaysholds. We
canalsouse‘EF � p f ’, ‘AG� p f ’, ‘AF � p f ’ and ‘EG� p f ’ asabbreviations for
trueEU � p f , : EF � p : f , trueAU� p f and : AF � p : f , respectively.

In general,we write M Ö (sÖ�� ) � × f to meanthat an RPCTL formula f is
satisfiedby aconcretestate(sÖ�� ) of aparametrictimedautomatonM. If there
areno confusions,we omit M andjust write (sÖ�� ) � × f . Theformal definition
of the relation � × is asfollows. We only give thedefinitionsfor six primitive
constructs,true, : f , f1 ; f2, ò aô F p f , f1EU F p f2 and, f1AUF p f2. Therestof the
constructscanbespecifiedsimilarly to theaboveconstructs.

Definition 3.2 Therelation(sÖ�� ) � × f is formally definedin Fig. 4. ü
Example3.1 TheRPCTLformula

[a1] J q1(( ò a2 ô true)EU � q2( ò a3 ô true))
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meansthat for every statereachableafter executedaction a1 within q1 units
of time, thereexistsanexecutionpathsuch thatactiona2 is alwaysexecutable
until a3 becomesexecutableafterq2 unitsof timeelapsed.Notethatq1 andq2

areparametervariables. ü
O5¨ P�ë$¯RµEQðèð.µc±®«�±#R TS¿ëVU ëÐèXWqëZY�[%�±®«L²rµd°µc±¶«�±#R
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Now we describeour methodto derive symbolicallytheweakestcondition

of parametersWPC(sÖ f ) in orderthatstates of theperiodictimedautomaton
satisfiestheRPCTLproperty f . To begin with, we give a precisedescription
of ourproblem.

Definition 4.1 Let M bea parametrictimedautomaton,sbea stateof M, and
f be an RPCTLformula. Theparametercondition derivation problem is to
derivea first-order formulaWPC(sÖ f ) such that

��� × WPC(sÖ f ) i] (sÖ�� ) � × f ^ ü
At first, wegiveanalgorithmto solvetheparameterconditionderivationprob-
lem for parametrictimed DAG-automata,and then we extend it to periodic
timedautomata.

O5¨�§©¨ %�èXY¬ë ±_R�P ï[` a ±�²Lë+"bY
As mentionedin Section1, we defineWPC(sÖ f ) as a recursive function

suchthat
WPC(sÖ f ) def× F(WPC(s1 Ö f1) Ö�^�^�^AÖ WPC(sk Ö fk)) ^

Herewegiveaconcretedefinitionof functionWPC(sÖ f ) for eachconstructof
RPCTLformula f .

Definition 4.2 Let sand f bea stateof a parametrictimedautomatonandan
RPCTLformula f , respectively. Then,functionWPC(sÖ f ) is definedin Fig. 5.
In Fig. 5, C is a setof all clocks,r,ri ,etc.denotesubsetsof clocks,P[C � t c C]
(P[0 c r]) representsa firstorderformulaP whoseeveryfreeoccurrenceof each
variablex û C (x û r) is replacedwith x � t (0, respectively). ü

Themeaningof thedefinitionof WPC(sÖ f ) is asfollows. If f is oneof true
or f1 ; f2, thedefinitionof WPC(sÖ f ) is straightforward.Thecaseof f × : f ý
is lessobvious,but sincewehavedefinedWPC(sÖ f ) astheweakestcondition,
�ed� × WPC(sÖ f ) immediatelyimplies �f� × WPC(sÖ8: f ), andvice versa.Hence
wehave WPC(sÖg: f ) × : WPC(sÖ f ).

Considerthecaseof f × ò aô F p f ý . Suppose� isavalue-assignmentsuchthat
(sÖ�� ) � × ò aô F p f ý . From Definition 3.2, theremustexist a concretetransition
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WPC(sù true) def� true

WPC(sù - f ) def� -
WPC(sù f )

WPC(sù f1 � f2) def� WPC(sù f1) � WPC(sù f2)

WPC(sù 1 a2j3 p f ) def� k t(0 � t � t F p � (Inl (s) �
i m I (sn a)

� Pi � (Inl (si ) � WPC(si ù f ))[0o ri ] 	 )[C ñ to C])

whereI(sù a) � � i , s an [Pi ] n ri�DC si 	 ù
WPC(sù f1EU 3 p f2) def� k t(0 � t �p

t� ((0 � t� � t� � t) 0 WPC(sù f1)[C ñ t� o C]) �
(Inl (s) � (t F p � WPC(sù f2) /

i m I (s)� Pi � WPC(si ù f1EU 3 (pI t) f2)	 ))[C ñ to C])

whereI(s) � � i , s ai n [Pi ] n ri�EC si 	 ù
WPC(sù f1AU3 p f2) def� p

t(0 � t 0p
t� ((0 � t� � t� � t) 0 WPC(sù f1)[C ñ t� o C]) �

(Inl (s) 0 (t F p � WPC(sù f2) �
i m I (s)� Pi 0 WPC(si ù f1AU3 (pI t) f2)	 ))[C ñ to C])

�Rj ���IevT©�xZ
FunctionWPC(sq f )

sequence(sÖ�� )
tú ø (sÖ��r� t)

aú ø (sý Ö�� ý ) suchthat t ý 5 p and(sý Ö�� ý ) � × f ý .
Thus,thefollowing conditionsmustalsohold:

sometimedautomatontransitions
aù Pù rú ø sý mustexists.

��� t mustsatisfyboth Inó (s) andP (Definition 2.2).

��ý is a value-assignment��� t whosevaluesof theclocksin r arereset
to zero, i.e. � ý × ( �r� t)[r ø 0] (recall that �r� t is the samevalue-
assignmentas � exceptall clockvaluesareincreasedby t, and � [r ø 0]
is thesameas � exceptall theclocksin r areresetto zero,asdefinedin
Definition 2.2)andit satisfiesInó (sý ).
(sýbÖ��ðý ) � × f ý , i.e. ��ýZ� × WPC(sývÖ f ý ).

Hence,weobtainanecessarycondition

“thereexistssomenon-negativereal-numbert andsometransitions
an Pn rsut s� , such

that vxwy (t z p), v|{ t w y In} (s) ~ P and(v|{ t)[r t 0] w y In} (s� ) ~ WPC� (s� q f � )”
for � to make states satisfy f . We canrewrite ‘ �(� t � × Inó (s) ; P’ to the
conditionof � , suchas ��� × (Inó (s) ; P)[C � t c C]. By the sameway, we
canalsorewrite ( �r� t)[r ø 0] � × Inó (sý ) ; WPCý (sý{Ö f ý ) as �&� × (Inó (sý ) ;
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WPC(sý Ö f ý ))[C � t c CÖ 0c r]. Therefore,thefollowing conditionholds:

� � × (0 � t ; t 5 p ; Inó (s) ; P ; (Inó (sý ) ; WPC(sý Ö f ý ))[0 c r])[C � t c C] ^
Sinceit is su¼ cientthatsomenon-negative real-numbert andsometransition

s
aù Pù rú ø sý exist, wecanweakentheaboveconditionas:

� � × � t(0 � t ; t 5 p ; Inó (s) ;
i � I(sù a)

�
Pi ; (Inó (si) ; WPC(si Ö f ý ))[0 c r] � )[C � t c C] ^

where I (sÖ a) def× � i � s aù Pi ù r iú ø si
�

is a setof indicesof transitionswhosesource
nodeis s andactionnameis a. We caneasilyprove that this is the weakest
conditionof � suchthat (sÖ�� ) � × f , and t is somefreshvariablewhich does
notappearin eitherInó (s), Pi , Inó (si) or WPC(si Ö f ý ).

Considerthecaseof f × f1EU F p f2. Similar to above,suppose� is avalue-
assignmentsuchthat (sÖ�� ) � × f1EU F p f2. From Definition 3.2, theremust

exist sometransitionsequence(sÖ�� ) × (s1 Ö�� 1)
t1ú ø (s1 Ö�� 1 � t1)

a1ú ø ØxØAØ tkI 1ú ø
(sk� 1 Ö�� k� 1 � tk� 1)

akI 1ú ø (sk Ö�� k)
tkú ø (sk Ö�� k � tk), suchthat (sk Ö�� k � tk) � × f2,

t1 �0ØAØxØ�� tk 5 p, and for any j (1 � j � k) and for any t ý j (0 � t ý j 6 t j),
(sj Ö�� j � tý j) � × f1 holds. To obtaina recursive definition of WPC(sÖ f ), we
dividethepremiseof theabovestatementinto two cases,k × 1 ( f2 holdsat the
currentstates1) andk 9 2 ( f2 holdsatsomefuturestatesk).

[Casek × 1]: If k × 1, thentheremustexist a transitionsequence(sÖ�� )
tú ø

(sÖ��x� t) suchthat(sÖ���� t) � × f2, t 5 p andfor any t ý (0 � tý 6 t), (sÖ���� t) � ×
f1 holds. Similar to the caseof f × ò aô F p f ý , the weakestconditionof � is
obtainedasfollows:

� � × � t(0 � t ; t 5 p ; (Inó (s) ; WPC(sÖ f2))[C � t c C]

;�� tý ((0 � t ý ; tý � t) = WPC(sÖ f1)[C � t ý c C])) (1)

[Casek 9 2]: If we assumek 9 2, then theremust exist a transitionse-

quence(sÖ�� ) × (s1 Ö�� 1)
t1ú ø (s1 Ö�� 1 � t1)

a1ú ø (s2 Ö�� 2) suchthat (s2 Ö�� 2) � ×
f1EU F (p� t1) f2 holds,and for any t ý1 (0 � tý1 � t1), (s1 Ö�� 1 � tý1) � × f1 holds.

Consideringthat theremay exist multiple transitionss
ai ù Pi ù r iú ø si, the weakest

conditionof � is obtainedasfollows:

� � × � t[0 � t ; (Inó (s) ;
i � I(s)

�
Pi ; WPC(si Ö f1EU F (p� t) f2)

�
)[C � t c C]

;�� tý [(0 � t ý ; t ý � t) = WPC(sÖ f1)[C � t ý c C]]] (2)
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whereI (s) def× � i � s ai ù Pi ù r iú ø si
�
is a setof indicesof transitionswhosesourcenode

is s.

Therefore,thegeneralcaseis (1) or (2), thatis,

� � × � t[0 � t ;�� tý [(0 � t ý ; tý � t) = WPC(sÖ f1)[C � t ý c C]]]

; (Inó (s) ; (t 5 p ; WPC(sÖ f2) <
i � I(s)

�
Pi ; WPC(si Ö f1EU F (p� t) f2)

�
))[C � t c C]

Thecaseof f × f1AUF p f2 is similar, andwe omit thedetaileddescriptiondue
to spacelimitation.

If thetransitiongraphcontainsno loops,thereareno casesthatWPC(sÖ f )
is recursively called during the computationof WPC(sÖ f ) itself. Thus, the
functioncall WPC(sÖ f ) is ensuredto terminate.Hence,a recursive function
WPC(sÖ f ) is analgorithmto obtaintheparameterconditionfor DAG-formed
models(i.e. parametrictimedDAG-automata).

Theorem4.1 For everystatesof a parametrictimedDAG-automatonM and
every RPCTLformula f , a recursive functionWPC(sÖ f ) alwaysterminates
and returnsa correct solutionof a parameterconditionderivationproblem,
i.e.:

� �M^ [ ��� × WPC(sÖ f ) i] (sÖ�� ) � × f ] ^ ü
O5¨dæ®¨ %�èXY¬ë ±_Réçéë$¯~µc±�²=µ�´�a ±�²Lë�"bY

If parametrictimed automatahave someloops, the algorithm WPC(sÖ f )
in Theorem4.1 may not terminate. In this section,we prove that if models
areperiodic timed automata,we have only to checka finite fragmentof the
computationtreeto derive theweakestconditionof parameters.

At first, we introducethe notion of unfolding. Replaceall returningtran-
sitionsof a periodictimed automaton(Fig. 6-(a)) with transitionsto the spe-
cial terminatingstate. We obtain the correspondingparametrictimed DAG-
automata(Fig. 6-(b)). Then,attachthecopy of thecorrespondingparametric
timed DAG-automatonto the specialterminatingstateof itself. Finally, we
have the parametrictimed DAG-automatonwhich representsthe first 2 peri-
odic behavior (Fig. 6-(c)). We refer to sucha modelasa 2-unfoldingof the
periodic timed automaton.Similarly, we canalso definea k-unfolding of a
periodictimedautomatonastheparametrictimedDAG-automatonwhich rep-
resentsthefirst k periodicbehavior.

For any RPCTLoperatorsexcept‘until’ operatorsEU andAU (andall the
operatorsderivedfrom EU andAU suchasAG, AF, EF andEG), theweakest
conditionof parametersareobtainedby justcheckingthecurrentstate(andthe



½¿¾fÀ�ÁkÂAÁkÃ>ÄLÅ©ÆIÀdÆÈÇ=¾fÉ^¾fÀËÊ`ÌIÃ7ÍIÁkÉ�Á[ÌIÃNÎÐÏQÌIÀ®ÅU¾fÀ�Á[ÌxÍIÁ[Ñ;ÒRÁkÇ=¾�ÍLÓqÔ?É^ÌÈÇ=ÆÈÉ^Æ º Õ
next stateif it is ‘next’ operators)andcheckingfor thepropersubformulasre-
cursively. Sincethesizeof eachsubformulais strictlydecreasing,therecursion
eventuallyterminatesandwe canobtaintheresult.However, it is not thecase
for the ‘until’ operatorsEU and AU. The definition of WPC(sÖ f1EU F p f2)
containsnot only recursive calls for its proper subformulasf1 and f2, but
also the recursive call for the formula f1EU F (p� t) f2, which is not a proper
subformula. This meansthat it may executethe function call of the form
WPC(si Ö f1EU F (p� t1 ��@ @ @ � tk) f2) forever if the model containssomeloops. Our
resultis thatwithout lossof generality, we have only to check3-unfoldingof
periodictimedautomatafor eachsubformulaincluding ‘until’ operators(EU
andAU).

Formally, it is provedby thefollowing lemma:

Lemma 4.1 For anyconcretestate(sÖ�� ) of periodictimedautomata,thefol-
lowingconditionholds:

(sÖ�� ) � × f1EU F p f2 if andonly if (sÖ�� ) � × f1EU F p� f2
where T is theperiodof theperiodictimedautomata,pý def× p ú m ö T andm
is theminimumnonnegativeinteger s.t. p ú m ö T

6
3T. Thesamecondition

alsoholdsfor f1AUF p f2.

(proof) Let �%Ö��.ý , etc. denotefinite executionpathssuchas (s1 Ö�� 1)
t1ú ø

(s1 Ö�� 1 � t1)
a1ú ø (s2 Ö�� 2)

t2ú ø�^�^�^ akI 1ú ø (sk Ö�� k). Let ET( � ) denotethe execu-
tion time of thepath � , i.e., ET( � ) × t1 �1ØAØxØ�� tk� 1. Considerthereexists a
path � which beginswith (sÖ�� ) suchthat (sÖ�� ) � × f1EU F p f2 (which implies
ET( � ) 5 p). Thecaseof 0 � ET( � )

6
3T is trivial, sinceif (sÖ�� ) � × f1EU F p f2

holdsfor � , pmustbelessthan3T for any caseof 5�û �76 Ö8��Ö��Ög9`Ö × � , whichim-
plies p × pý from thedefinitionof pý , andthusobviously (sÖ�� ) � × f1EU F p� f2
holds,andvice versa. Considerthe caseof ET( � ) 9 3T. As illustratedin
Fig. 7, theremustalsoexist a path � ý containingat leastonecycle, suchthat
0 � ET( �°ý ) 6 3T and(sÖ�� ) � × f1EU F p f2 holds. �.ý is obtainedby removing
cyclesbeginning with the initial statefrom � until ET( � )

6
3T holds,while

leaving at leastonecycle.2 Obviously, therelationbetweenET( � ) andET( �.ý )
is ET( � ý ) × ET( � ) ú m ö T, wherem is the numberof the removed cycles.
Therefore,ET( � ) 5 p impliesET( �°ý ) 5 pý wherepý × p ú m ö T, andimme-
diatelywe have (sÖ�� ) � × f1EU F p� f2. Conversely, if thereexistsa path �.ý con-
tainingat leastonecycle,suchthat0 � ET( � ý ) 6 3T and(sÖ�� ) � × f1EU F p� f2,

2Notethatin aperiodictimedautomaton,all clocksareinitially zeroandresetto zerowhenreturnedto the
initial state,whereasany othervariables(parameters)arenevermodifiedduringexecution.So,thepossible
behaviour from theinitial stateis alwaysthesame,nomatterhow it is reached.Thus,afterremoving cycles
beginningwith theinitial statefrom theexecutionpath � , it is still anexecutablepath.Moreover, f2 holds
at thelaststateof thepathandalongwith thepath, f1 alwaysholdsuntil f2 holds.Therefore,if ET(� ) F p
holds,then f1EU 3 p f2 still holdson theshortenedpath.
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(a). periodic model

(b). corresponding
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(c). 2-unfolding of (a)
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Illustrationof Lemma4.1

theremustalsoexist apath � suchthatET( � ) 9 3T and(sÖ�� ) � × f1EU F p f2, as
alsoillustratedin Fig. 7. In thiscase,� is obtainedby duplicatingintermediate
cyclesof �.ý ( �°ý shouldhave at leastonecycle by theassumption)repeatedly
until ET( � ) 9 3T andET( � ) 5 p hold. Thecaseof f1AUF p f2 is similar (we
considera pathwhich violates f1AUF p f2, instead),andwe omit the detailed
proof dueto thespacelimitation. ü

WedefineanotheralgorithmWPC3(sÖ f ) insteadof WPC(sÖ f ) for periodic
timed automata. WPC3(sÖ f ) is almostthe sameas WPC(sÖ f ), except that
WPC3(sÖ f ) derives the weakest parametercondition suchthat s satisfies f
within 3 periods.

By Lemma4.1,it is su¼ cientto considerfinite pathswhoseexecutiontime
is atmost3T in orderto derivetheweakestconditionof parameters.Therefore,
we obtainthefollowing maintheorem:

Theorem4.2 For every states of a periodic timedautomatonM and every
RPCTLformula f , a recursive function WPC3(sÖ f ) alwaysterminatesand
returnsa correctsolutionof a parameterconditionderivationproblem,i.e.:

� �M^ [ ��� × WPC3(sÖ f ) i] (sÖ�� ) � × f ] ü
�®¨ %�±®ê��r³�7èð.µc±®«¿è#"�%�±®ê���"cë��Lµd��

In this section,we evaluatethecomputationalcomplexity of the functions
WPC(sÖ f ) andWPC3(sÖ f ). Direct implementationof the recursive function
WPC(sÖ f ) (andWPC3(sÖ f )) mayperformvery ine¼ cientlybecauseof repet-
itive functioncallsof thesametupleof arguments(sÖ f ), which is redundant.
Thus,we evaluatethecomplexity whenwe usea cacheto avoid unnecessary
computation.We assumethatthefunctionWPC(sÖ f ) hasits own cachetable,
which hastheentry(sÖ f Ö P) if WPC(sÖ f ) hasalreadybeencomputedandthe
resultis P. If sucha function is called,thecachetableis checkedfirst, andif
its valuehasalreadybeencomputed,thecachedresultis returned.Otherwise,
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the computationis performed,the result is registeredinto the cache,andthe
resultis returned.

The complexity of the above algorithmis evaluatedas follows. For sim-
plicity, we here ignore the length of the resultingformulas(i.e. we ignore
thecostto simplify anḑor checksatisfiabilityof theformulas).Undertheas-
sumption,time andspacecomplexity coincides,that is, the time necessaryto
computeWPC(sÖ f ) is equalto thesizeof thecachetable,whichis equalto the
maximumnumberof thedi· erenttuplesof argumentswith which WPC(sÖ f )
will be called. From the definition of WPC(sÖ f ), the numberof the di· er-
ent tuplesof argumentsis boundedby n ö (m1 � m2), wheren is thenumber
of control statesreachablefrom s, andm1 (m2) is thenumberof thedi · erent
subformulasof f (the numberof the di · erentderived formulasof the form
f1opF (p� t1 ��G G G � tk) f2 (op û � EUÖ AU

�
), respectively). m1 is equalto thenumber

of nodesof thesyntaxtreeof f . Thus,m1 is O(mlogm), wherem is thelength
of f . m2 is equalto m1 ö l, wherel is thedepthof theDAG, i.e. thelengthof the
longestdirectedpathsfrom theroot to leafnodesof theDAG (herewereferto
a leaf nodeof theDAG asa nodewhich hasno outgoingedges).Obviously, l
doesnotexceedthenumbern of nodes.Overall, thenumberof di· erenttuples
of arguments(× thesizeof cachetable)is O(n ö mlogm ö n) × O(n2mlogm).
Sincewe have only to performat leastonecomputationfor eachtupleof ar-
guments,thenumberof all computationis alsoO(n2mlogm). Therefore,the
timeandspacecomplexity of WPC(sÖ f ) is O(n2mlogm).

The complexity of WPC3(sÖ f ) is equalto the WPC(sÖ f ) for 3-unfolding
DAG model. Let n denotethe numberof nodesof a periodicmodel. Then,
from the definition of unfolding, the depthof the corresponding3-unfolding
is 3n. Therefore,by replacingn with 3n, we alsoconcludethat the time and
spacecomplexity of WPC3(sÖ f ) is O(n2mlogm).

Theorem5.1 Thetime and spacecomplexity of WPC(sÖ f ) and WPC3(sÖ f )
for a DAG� periodicmodelM is O(n2mlogm), wheren is thenumberof control
statesin M, andm is thelengthof RPCTLformula f . ü
� ¨ %�±®«L´�"�³L²=µ�«���! ëðê è©¯\W�Y

In this paper, we proposea methodto derive a parametercondition for a
periodictimedautomatonwhichsatisfiesapropertywrittenin atemporallogic
RPCTLformula.

Althoughourmethodappliesto only therestrictedclassof timedautomata,
many real-timeapplicationssuchasaudio̧videostreaming,time sharingtask
schedulerscanbespecifiedasperiodictimedautomata.

The future works are to develop and improve the e¼ ciency of the imple-
mentationof thealgorithm,to extendour algorithmto simplify theparameter
conditionandto handlemultiple periodictimed automatawhich run concur-
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rently. We arealsoconsideringto extendour methodto handlesomeinternal
statevariablesof finite domainto improveexpressivenessof themodel.
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